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Abstract
The pressure dependence of the order parameter in superfluid 3He is amazingly simple. In the
Ginzburg-Landau regime, i.e. close to Tc, the square of the order parameter can be accurately
measured by its proportionality to NMR frequency shifts and is strictly linear in pressure. This
behavior is replicated for superfluid 3He imbibed in isotropic and anisotropic silica aerogels. The
proportionality factor is constrained by the symmetry of the superfluid state and is an important
signature of the corresponding superfluid phase. For the purpose of identifying various new super-
fluid states in the p-wave manifold, the order parameter amplitude of superfluid 3He-A is a useful
reference, and this simple pressure dependence greatly facilitates identification.
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I. INTRODUCTION
The pressure dependent superfluid 3He transition temperature, Tc(P ), Fig. 1, plays an
important role in determining the pressure dependence of most properties of the super-
fluid, including coherence length, susceptibility, order parameter amplitude, collective mode
frequencies, and the Leggett frequency shift in the transverse nuclear magnetic resonance
(NMR) spectrum1. However, Tc itself is not directly accessible theoretically and must be
treated as an experimental input. Although Tc(P ) is a very non-linear function of pressure,
the longitudinal resonance frequency, Ω, measured via the transverse NMR frequency shift,
∆ω(P, T ) ∝ Ω2, has been found to be simply linear in pressure in the Ginzburg-Landau (GL)
regime close to Tc. In this limit we measure the slope of Ω
2 versus reduced temperature,
Fig. 2. This fact has special significance in that Ω2 is proportional to ∆2, where ∆ is the
energy gap that defines the amplitude of the superfluid order parameter as a function of
pressure and temperature. In the GL limit, ∆2 has a well-known linear temperature depen-
dence ∆2 ∝ (1−T/Tc). The linear pressure dependence, however, has no known theoretical
basis and has not been discussed previously. A thorough theoretical discussion of the energy
gap has been given by Leggett2 and by Vollhardt and Wo¨lfle1.
In the GL limit, the magnitude of the initial slope ∆ω(P )/Tc of the temperature depen-
dence of the NMR frequency shift ∆ω(P, T ) = ∆ω(P )(1−T/Tc) can be measured with high
accuracy, provided the NMR magnet homogeneity is of sufficiently high quality. Compar-
isons between measurements of these frequency shifts in different superfluid phases can give
confidence in the identification of the corresponding superfluid states. This procedure was
first exploited by Osheroff9 on the melting curve to show that the pure superfluid B phase is
the isotropic state in comparison with the A phase as the axial state. A similar comparison
of frequency shifts was used by Rand et al.10 to address a proposal by Gould11 that the A
phase might not be a pure axial state. Recently, this method allowed the identification of
the superfluid states for superfluid 3He in isotropic silica aerogel7 and by Dmitriev et al.12 in
anisotropic aerogel. To motivate our discussion in this report, we will review the relationship
between frequency shifts in the known phases of superfluid 3He and the symmetry of the
superfluid states.
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FIG. 1. Pressure-temperature phase diagram for superfluid 3He in zero magnetic field. The red
traces are for the pure superfluid with A and B phases and the polycritical point PCP. The blue
curve and data are for superfluid 3He in a 98% porosity silica aerogel3
.
II. SUPERFLUID ORDER PARAMETER
The order parameter of superfluid 3He with maximal amplitude ∆ is a complex second
rank tensor, Aµj , with spin and orbital coordinates µ and j respectively. In low magnetic
field there are two stable phases for pure superfluid 3He, the A and B phases. A third phase,
the Polar (P ) phase, has only been observed in anisotropic aerogel12. The superfluid phases
in aerogel are versions of the A, B, and P phases for which the order parameter amplitude
is reduced, and their stability depends on the properties of the aerogel: specifically, whether
the aerogel is uniformly isotropic or anisotropic. For these three phases, the corresponding
superfluid p-wave order parameters are
AAµj = ∆Adˆµ(mˆ1j + imˆ2j)e
iφ
ABµj = ∆BRµje
iφ
APµj = ∆P dˆµpˆje
iφ,
(1)
Where dˆ is a vector in spin space; mˆ1, mˆ2, and pˆ are vectors in orbital space; and Rµj is a
relative rotation between the spin and orbital degrees of freedom.
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FIG. 2. The slope of the reduced temperature dependence of the longitudinal resonance frequency
squared near Tc for the A phase in pure superfluid
3He taken from Rand4 and Schiffer5,6; in 98%
porosity isotropic silica aerogel7; and in positively strained (stretched) anisotropic silica aerogel8.
The solid line is a fit to the data from Rand4 and has the functional form Ω2A(P )/10
−9 = 4.79 Hz2+
(1.09 Hz
2
bar )P .
According to Ginzburg-Landau theory, for temperatures just below the second order
thermodynamic transition to the superfluid state, the free energy, f , in zero magnetic field
can be represented phenomenologically as an expansion in terms of invariants of the order
parameter13–15,
f = −αTr(AA†) + gzHµ(AA
†)µνHν + β1|Tr(AA
T )|2
+β2[Tr(AA
†)]2 + β3Tr(AA
T (AAT )∗)
+β4Tr((AA
†)2) + β5Tr(AA
†(AA†)∗), (2)
neglecting the dipole energy. Here, A† and AT are, respectively, the Hermitian conjugate and
transpose of A. There are five fourth-order terms for which the coefficients, βi, determine
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the stable superfluid states. In the weak-coupling limit we have,
α = N(0)
3
(
T
Tc
− 1
)
, (3)
βi
β0
= (−1, 2, 2, 2,−2), i = 1, ..., 5, (4)
β0 =
7ζ(3)
240pi2
N(0)
(kBTc)2
. (5)
The normal, single-spin density of states at the Fermi energy is N(0); kB is the Boltzmann
constant; and ζ(x) is the Riemann zeta function. For the weak-coupling, pure superfluid the
isotropic state, i.e. the B phase, is the most stable of all the p-wave states. The existence
of the A phase at high pressure is a consequence of strong-coupling, expressed as a pressure
dependence of the βi coefficients deviating from their weak-coupling values, proportional to
Tc/TF in leading order
16.
The combinations that are relevant here are those that determine the free energy for a
specific superfluid phase, fγ , and the corresponding order parameter amplitudes, i.e. the
maximum energy gaps, ∆γ, where γ represents A, B, or P phases
17:
fγ = k(α/2)∆
2
γ = −(α/2)
2/βγ, (6)
where k is the dimensionality of the superfluid phase: respectively, 1, 2, and 3, for P , A, and
B phases. Using the Mermin-Stare convention18, βP ≡ β12345 (≡ β1+β2+β3+β4+β5), βA ≡
β245, and βB ≡ β12 + β345/3. The condition for the B phase to be stable relative to the A
phase is that βB < βA.
The energy gaps and heat capacity jumps in the GL limit are related to the βi parameters
as:
∆2γ(T ) =
|α(T )|
k2βγ
; and ∆Cγ =
α′2Tc
2βγ
, (7)
where ∆Cγ is the heat capacity jump at Tc from the normal state to the corresponding
superfluid phase, γ, and α′ is the temperature derivative of α.
III. PHASE IDENTIFICATION
According to Leggett2, the longitudinal resonance frequencies, Ωγ , susceptibilities, χγ and
root mean square order parameter amplitudes, Ψγ, can be compared for A and B phases,
which we extend to a comparison of the A and P phases as follows:
5
2
=
Ω2B
Ω2A
χB
χA
Ψ2A
Ψ2B
; 2 =
Ω2P
Ω2A
Ψ2A
Ψ2P
. (8)
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The ratios of Ψ2, can be replaced by the ratios of the square of the maximum energy gaps,
∆2.
Ψ2A
Ψ2B
=
2
3
∆2A
∆2B
=
βB
βA
=
∆CA
∆CB
;
Ψ2A
Ψ2P
= 2
∆2A
∆2P
=
βP
βA
=
∆CA
∆CP
. (9)
From Eq. 8 and 9 this leads to,
Ω2B
Ω2A
=
5
2
χA
χB
βA
βB
=
5
2
χA
χB
∆CB
∆CA
;
Ω2P
Ω2A
= 2
βA
βP
= 2
∆CP
∆CA
. (10)
The relationships given in Eq. 8 and Eq. 10 can be used for phase identification in different
regimes. At high pressure, near the PCP, we can take βB = βA for pure superfluid
3He. This
results in Ω2B/Ω
2
A = (5/2)χA/χB, which was used in pure superfluid
3He 9,10 and was shown
to hold for isotropic aerogel7. At low pressure, in the weak coupling limit, βB/βA = 5/6
and βP/βA = 3/2, resulting in Ω
2
B/Ω
2
A = 3χA/χB and Ω
2
P /Ω
2
A = 4/3 as used in anisotropic
aerogel12. Outside of these limits, more details of the relevant β parameters are needed.
IV. TRANSVERSE NMR
It is illuminating to express these relationships directly in terms of the transverse NMR
frequency shifts. With transverse NMR we can identify the frequency shifts for energeti-
cally stable textures with correspondingly minimum or maximum dipole energy that we call
dipole-locked or dipole-unlocked and are specified by choice of θ = (ℓˆ, Hˆ) and NMR tip
angle β, where ℓˆ is the quantization axis of angular momentum. These frequency shifts are
expressed in terms of form factors, Fγ(θ, β), and the Larmor frequency, ωL,
ω2γ = ω
2
L + Fγ(θ, β)Ω
2
γ. (11)
At magnetic fields greater than the dipole field (≈ 3 mT), we can write Eq. 11 as,
∆ωγ = FγΩ
2
γ/2ωL. (12)
For the A phase 19,20 (dipole locked, θ = pi/2),
∆ωA(θ, β) =
ΩA
2
2ωL
(
− cos β +
(
7
4
cos β +
1
4
)
sin2 θ
)
. (13)
For the B phase21–23 (dipole locked),
∆ωB(0, β) ≈ 0, β < 104
◦ (14)
∆ωB(0, β) = −
8
15
Ω2B
2ωL
(1 + 4 cosβ). β > 104◦, (15)
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and for (dipole unlocked),
∆ωB(
pi
2
, β) =
Ω2B
2ωL
(cos β −
1
5
), β < 90◦
∆ωB(
pi
2
, β) = −
1
5
Ω2B
2ωL
(1 + cos β). β > 90◦ (16)
For the polar phase12,24 (dipole locked, θ = pi/2),
∆ωP (θ, β) =
ΩP
2
2ωL
(
cos β −
cos2 θ
4
(5 cosβ − 1)
)
. (17)
It is most convenient to measure frequency shifts in the configurations: θ = pi/2 and β = 0,
for which FA = 1 (locked), FB = 4/5 (unlocked), and FP = 1 (locked). In these cases, from
Eq. 10, 11, we have:
∆ωB
∆ωA
= 2
βA
βB
χA
χB
= 2
∆CB
∆CA
χA
χB
∆ωP
∆ωA
= 2
βA
βP
= 2
∆CP
∆CA
. (18)
The measured NMR frequency shifts relative to the A phase are twice the ratio of the
corresponding heat capacity jumps, including strong coupling corrections. This fact could
be useful since the frequency shifts are more easily and more precisely measurable than the
heat capacity.
V. CONCLUSIONS
The identification of A and B phases is well-established for pure 3He and does not need to
be revisited. However, the above expressions are important for recent attempts to identify
the phases of superfluid 3He in confinement in pores, slabs, and in aerogels, especially for
various forms of polar distorted A and B phases, and the P phase. The principal compli-
cation in using this approach is the accessibility of the β parameters for the corresponding
phases. Measurements of the heat capacity would be ideal, but are rather involved, and may
not be as precise for superfluid 3He in aerogel25 as for pure 3He.
Another approach is to scale the appropriate β parameters from their pure 3He values14,26
using theoretical models such as that of Thuneberg et al.17, a method that was used by
Pollanen et al.7 with isotropic silica aerogel. Recently, the Thuneberg et al. theory was been
extended beyond the GL limit by Wiman and Sauls26, including temperature dependence
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for the β parameters. Application of the theoretical models to obtain the β’s requires an
experimental determination of the appropriate model parameters, such as the quasiparticle
mean free path, λ, and the correlation length, ξa. These can be determined from the
experimental pressure-temperature phase diagram, for which the theory gives an accurate
description (shown in Fig. 1 by the solid blue curve). However, the pressure dependence of Tc
at low pressure is particularly important for extracting these parameters, since in this limit
we know that their strong coupling contributions go to zero as T → 016. We propose that
this region can be explored using the linear pressure dependence of Ω2. By extrapolating
to the pressure P0, where Ω
2(P0) = 0, we find a critical pressure, at which Tc(P0) = 0,
constraining the low temperature phase diagram. In Fig. 2 we show that this behavior is a
general feature of superfluid 3He in both its pure and confined forms. This procedure was
described and implemented for chiral phases in positively strained silica aerogel8.
Finally, it has been predicted24,26, and there is experimental evidence12, that there are
transitions between ESP phases as a function of pressure. In order to identify the existence of
these phases and transitions between them, it is useful to examine the pressure dependence of
the order parameter through measurement of the NMR frequency shift. An abrupt deviation
from the linear behavior shown in Fig. 2 is the signal for such a transition.
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